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AL-BAYRONI’S LETTER ON ABU NASR MANSUR’S
DEMONSTRATION OF THE SINE LAW

Dr. AYDIN SAYILI

The little tract of Al-Bayrtini, presented here in its Arabic text
as well as Turkish and English translations, is, as is attested by its
closing sentence, a letter written by him to someone called Ab# Sa‘id.
It occupies pp. 134b-136a in a volume made up of a collection of
Arabic manuscripts. The volume is in Leiden, in Bibliotheca Aca-
demia Lugduno Batavae and is registered there under number 1007
(Codex 168 Golii). This short article of Al-Bayrini was brought to
the attention of the scholarly world through its German translation
by Suter.

As its opening words indicate, this letter of Al-Bayrani announces
and brings to light certain contributions of Abti Nasr Manstr ibn
‘Ali ibn “Irdq to plane and spherical trigonometry. This contribution
is AbQi Nasr’s proof for the sine law, and it contains the theorems
covering all the special cases of the sine law. Ablt Nasr Manstir was the
teacher and patron of Al-Bayriini. He was a prince of the family of the
dynasty which ruled Western Khwarazm until 995 A.D., and he
was an outstanding mathematician and astronomer.

It is not stated in this article explicitly that the law of sines was
discovered by Abt Nagr. For the very first word of the tract relevant
to this question is ‘‘derivation” and not “discovery”. It would seem
therefore possible from this wording that the law itself may have been
of earlier date and that Ab&i Nasr may simply have supplied new proofs
for it. Or, again, the connotation of this pithy statement may be that
Abtt Nasr’s contribution was somewhat more substantial, though he
was not fully responsible for the announcement of the law for the first
tame.

1 Heinrich Suter, “Zur Trigonometrie der Araber”, Bibliotheca Mathematica,
series 3, volume 10, Heft 2, Leipzig 1910, pp. 156-160.
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Al-Bayriini has another work which is still extant, though consi-
dered lost until recently,? in which he takes up this and other closely
related topics in greater detail, as we gather from Nasiruddin at-
Thsi’s reference to it. This book is entitled Magdlidu “Ilmi Haydti ma
Yahdithu fi Basiti’l Kurati wa Ghayriki (The Keys to the Knowledge of
the Properties of Superficial Spherical and Other Figures). According to
Nasiruddin, in fact, Al-Bayriini states in this work that it was, with
the greatest likelihood, Abti Nasr who was first able to establish this
law in its most general form, covering all its special cases, though Abii’l
Wafa Muhammad ibn Muhammad al Buzjani and Abt Mahmtd
Hamid ibn al Khidr al Khujandi also claimed priority in this respect.®

It is true that Nagiruddin seems somewhat non-committal in
this question.* But Al-Bayr{ini’s opinion in this matter should certainly
carry considerable weight, and it is therefore quite likely that Abi
Nasr generalized and extended the law of sines by discovering some
of its special cases for the first time, possibly those dealing with plane
triangles.

This may possibly have been the case. For apparently Nasiruddin
at-Ttsi was interested in the history of the subject especially in so far
as spherical trigonometry is concerned. His text in fact contains
considerable detail on the proofs found by various mathematicians
for the sine law as applied to spherical triangles.  But he has nothing
to say about contributions of mathematicians to the subject of the sine
law for plane triangles.

It seems reasonable, indeed, as we shall see a bit further on, to
conjecture that the sine law was generalized and extended to plane
triangles after having first been established for the case of spherical
triangles. We obviously cannot be sure, in the face of lack of unequi-
vocal and conclusive evidence in our sources, however, that the honor
of making such a generalization and extention belonged solely to Abit
Nasgr Manstr.

2 See, Isis, vol. 64, No. 225, 1973, p. 69 (item 100%).

3 Nasiruddin at-Tasi, Kitdbu Shakli’l-Qatid, ed. and tr. A. Caratheodori,
Istanbul 1891, text, p. 108, tr., p. 140.

4 Nasiruddin, ep. cit., text, pp. 108, 125, tr., pp. 140, 162-163.

5 Nasiruddin, op. cit., text, pp. 108-125, tr., pp. 140-163.
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The present little article, or letter, is not included in Al-Bayrtini’s
detailed list of his own works, although, if it is true, as asserted by
Suter, that the letter was written to Abft Sa‘id as-Sijzi (or Sijazi)
(d. ca. 1024), it should be of earlier date than the said list, which was
prepared in 1036. In the manuscript itself only the name Aba Sa‘id
occurs. I do not know what evidence Suter has for considering this to
refer to Abi Sa‘id as-Sijzi.

Apart from these considerations, however, it is clear from the
first sentence of the text that Al-Bayr{ini wrote it before he had reached
the age of 23, i.e., before Abli “Abdullah Muhammad ibn Ahmad ibn
‘Iraq, the last king of the family of Ibn ‘Iraq, rulers of Western Khwa-
razm, was overthrown by the ruler of Eastern Khwarazm in gg5. For
Al-Bayrani refers to him here, in his opening sentence, as a man still
living and as a ruler still in power.

It is true that Suter translates the key expression here, mawld
Amiri’ l-mw’minin, as the “freed slave of the amir of the believers”, and
this would render the chronological connotation of that statement
vague. Al-Bayrani uses this expression quite frequently when speaking
of Abli Nasr Mansiir. Sachau also translated this word mawld, used
by Al-Bayriini when speaking of Ab& Nasr Manghr, as “freed slave”,
and he decided that the term Amiru’[-mw’ minin occurring together with
it should refer here to the Samanid king of the time. 8

Such a reference is quite unusual, however, and it is rather odd
that Al-Bayrtni should have repeatedly used it in the sense of “freed
slave’” when speaking of Abli Nasr Manstir. The term amiru’l-mu’minin
was used frequently and for any ruler, and one of the meanings of the
word mawld is “close relative”, It is known, on the other hand, that,
as the part of his name “Ibn ‘Iraq’ also indicates, Abti Nasr Manstr
belonged to the ruling family of Western Khwéarazm. There should
be no doubt therefore that the meaning of this expression, as used in
this context by Al-Bayriini, is ‘the close relative of the king of
Khwarazm’, as I have interpreted it.

It is quite understandable of course that Al-Bayrtni should have
forgotten to include this letter of his youthful days in the list of his
works prepared at a considerably later date or that he should not have

© See, Al-Bayrani, Al-Athdr’l-Bégiya, ed. Sachau, Introduction, p. 33.
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* even considered it necessary to include such a letter concerning someone
else’s work, learned though it may be, in the list of his own publications.
The last sentence of this tract constitutes sufficient evidence that it
was written by Al-Bayrani, and, as we have just seen, we are in pos-
session of clear evidence that the subject of this letter was one which
was of great interest to him and to which he referred in greater detail
in at least one of his more substantial works. We should therefore not
doubt the authenticity of its attribution to Al-Bayrini.

As mentioned above, Nasiruddin speaks of the history of the sine
law in detail only in connection with spherical triangles. Moreover,
the figures concerning these theorems that occur in the text of
Nasiruddin’s work which has survived were considered often wanting
in clarity. These details were consequently omitted in Von Braun-
miihl’s history of trigonometry in Islam, and this had resulted in
the creation of a slightly distorted image of the course of progress of
trigonometry in Islam. For it had brought the thirteenth century
somewhat into prominence at the expense of underestimating certain
achievements, especially in plane trigonometry, belonging to the
earlier centuries. ? Al-Bayrtini’s present short tract was one- of the
most important documents serving to correct that impression.

As this letter of Al-Bayrfni is thus obviously of considerable sig-
nificance to the history of trigonometry in Islam, it was{deemed
advisable to publish it, although, as mentioned before, Suter has
already made a full German translation of it available. I also thought
it might not be superfluous to publish on this occasion an English trans-
lation of it too, as my reading and understanding of the text differ in
certain respects from those of Suter.

The manuscript is badly worm-eaten in parts. Fortunately,
however, the context makes it possible to emend and complete, without
‘much difficulty, the small lacunas that have thus come into beéing.
The words and letters added in order to fill these gaps have been
placed in square brackets in the printed text. In four places the word
sine is missing in the manuscript, and thereis no question of their not
having been left out by mistake. These have been added therefore
to the text and inserted in braces. Likewise, toward the end of the

7 Suter, op. cit., pp. 156-157.
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manuscript something like a full line was skipped by the copyist.
This is quite obvious from the context and also because the missing
part occurs between two expressions in the form “the sine of the an-
gle”, and the manuscript has this expression only once and lacks the
intervening words. The missing part of about one line which has been
added has also been inserted within braces in the printed text. The
manuscript is otherwise quite legible and clear, and it contains only
two other errors which have been corrected as can be seen from the
footnotes.

Suter makes the conjecture that the last demonstration, or, as
I call it, the fifth special case, sct forth in the article is a later addition,
appended possibly “by Al-Bayrtni himself”.® This is a somewhat
strange statement, for the whole letter was penned by Al-Bayrani
anyway. Suter apparently means also to say that this last proof is pro-
bably a contribution to the subject due to Al-Bayréini. But such a
claim too would not seem much to the point. For, as Suter himself says,
this proof is not different at all from the other proofs set forth in the
text.

Suter’s vaguely phrased conjecture is based mainly on the lettering
of the triangle connected with this last special case as ADG (our figure
5), as compared to the lettering ABG that occurs in the triangles of
the preceding parts of the text. He also says that this last paragraph
is briefer and more concise as compared to the earlier treatments of
the examples of triangles, and he adds incidentally that this part of
the text is defective, for certain parts of ratio’s involved in the intended
proof are missing.

Suter’s views concerning this last part of the text are certainly
mistaken and unsatisfactory. I have come to the conclusion that
what has misled Suter in the first place is his interpretation of the figure
of the text which I have reproduced here as figure 4 and which belongs
to the one-before-last case dealt with in the text. The lines AH and
AG in this figure are quite close to each other in the figure of the ma-
nuscript, and the part of the figure where the letters H and G are
located is worm-eaten.

8 Suter, op. cif., p. 160, note 2.
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¥ Suter takes G to be on the left-hand side of H (figure 6 in Suter).

This makes the triangle ABG an obtuse-angled triangle. But the final
figure belonging to the “fifth special case” (the manuscript’s and our
figure 5, and Suter’s figure 7) also represents an obtuse-angled trian-
gle, and the two final cases dealt with thus become the same. That is
why the final case appears to Suter to be some kind of a repetition of
the one coming immediately before it.

This confusion is also caused partly by the lack of clarity of the
same figure 4 as to whether the line to the left or whether the one to
the right (i. e., AH and AG) is perpendicular to the base line. I have
come to decide that G belongs to the point on the right and H to the
point on the left, the point H being the foot of the perpendicular to
the base line as explicitly stated in the text. This makes the one-before-
last figure of the text (my figure 4) an acute-angled triangle and the
last figure an obtuse-angled triangle as is clear from the figure of
the manuscript anyway (figure 5 of our printed text). The two speci-
al cases to which these figures refer, i. e., the last two proofs in the
text, thus cease to be repetitive, and the doubts raised by Suter
become pointless.

This way of interpretation of these two figures for plane triangles
finds its exact parallel in the two previous figures of the handwritten
text (our figures 2 and 3) for spherical triangles, one of which r¢presents -
an acute-angled spherical triangle and the other an obtuse-angled
spherical triangle. As to Suter’s observation that the last paragraph
of the text is shorter and more concise as compared to the earlier sec-
tions dealing with plane triangles, this simply arises from two circum-
stances. ’

It is Firstly due to the circumstance that a text of about one line
was left out by the copyist in the last paragraph, and it should secondly
be pointed out that the earlier sections dealing with plane triangles
are a little lengthy because in these sections certain concepts relating
to plane trigonometry are elucidated by giving certain definitions. But
these definitions and clarifications apply to the last paragraph as well.
It is natural therefore that these should not have been repeated, and
this too makes the last paragraph shorter and more concise.

Moreover, the terminating sentence of the tract clearly seems
to round up the whole article, and there is no trace of a phraseology
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resembling a terminating statement coming before the fifth special case.
It may also be pointed out in this connection that this tract seems to
have been conceived as composed of two major parts, viz., the part
dealing with spherical triangles, and the part dealing with plane trian-
gles. For the expression Q . E. D. comes only at the ends of these major
parts and not at the ends of the other more specific special cases, And
as the second of these expressions comes at the end of the last para-
graph, this too may be taken to indicate that the last paragraph was
not intended as an appendage to an otherwise complete formal treat-
ment. Thus the various parts of the letter fit together rather nicely and
contribute towards the formation of a well-intégrated whole not only
from the standpoint of the subject matter but also from the viewpoint
of phraseology and literary expression especially in what concerns
the opening and closing sentences.

It is true that what I call the fifth case starts with the words
ibdretun ukhrd which Suter interprets to mean something like an alter-
native proof. But this could mean “another exposition” or “‘a comple-
mentary relation”. Such an interpretation would seem reasonable.
At any rate, these two cases need not necessarily have been conceived
as two cases sharply distinguished from each other. Indeed, the cor-
responding two cases for spherical triangles are condensed into a single
special case in the wording of the letter, although this part of the text
is illustrated with two different {igures.

As it shall presently be pointed out, one feature of this text is that
its parts dealing with spherical triangles are more condensed than
the parts treating plane triangles. And this feature holds true for the
case concerning the right-angled plane triangle and that dealing with
obtuse-angled plane triangle. Nevertheless, they are both represented
by a single figure in the manuscript. Thus, in a sense, Al-BayrQni did
not feel the need of drawing too clear a line of demarcation between
these two cases either.

Under these circumstances, or under any circumstance, for that
matter, it is quite natural that the proofs of the last two cases should be
of exactly the same nature. This identity of method of proof would not
constitute repetitiveness but would simply indicate that in a sense
these two parts of the text are consistent or consonant with each other.
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" For, as they are complementary, the same method of proof is simply
applied in both cases.

As a matter of fact, I was able to supply the missing part of about
a line in this final paragraph by using words and expressions taken from
the special case preceding it, and these are found in more or less the
same form in the part of the text dealing with spherical triangles. For
the same feature occurs in the proofs given for those cases too. To be
more exact, this is the common feature of the four special cases dealing
with acute-angled and obtuse-angled plane and spherical triangles,
i. e., of all the proofs with the exception of those concerning right-an-
gled plane and spherical triangles.

I have changed, in the text, the letters referring to the geo-
metrical figures to the corresponding letters of the Latin alphabet.
This was not done only in order to simplify the printing but also to
make one set of figures sufficient for both the text and its translations.
The manuscript is one continuous text. I have divided it into para-
graphs, and the punctuation is all mine. I have added dots of letters
occasionaly missing in the manuscript and have omitted some of the
diacritical marks of the handwritten text. The manuscript has no
hamza signs; the few which appear in the printed text do not belong to
the manuscript.

The first figure of the manuscript does not conform wéll to the
requirements of the conditions of perspective involved in the represent-
ation of the sector of sphere it stands for. The three dimensional situa-
tion represented is not clear, therefore, and it is not easy to visualize
the lines occurring on it. Such ambiguity of figures is rather .common
in such manuscript texts due especially to careless reproduction by
copyists not familiar with the subject. I have replaced this figure of
the manuscript by its improved version supplied by Suter. As this

«improved figure represents what in reality the text needs and’very
likely is more similar to what it originally had, I have not reproduced
the vague figure of the manuscript as Suter has done. For this reason,
figure 1 of our printed text corresponds to figure 2 of Suter’s trans-
lation,

As previously pointed out, figure 4 in the manuscript, which

is figure 4 in our text also, is not very clear either and is worm-eaten in
one part. This figure of ours is different from the corresponding figure
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given by Suter (figure 6), as the points G and H are differently situated
in them. Moreover, Suter has split this figure 4 of the manuscript into
two in order to have an independent additional figure for the special
case dealing with a right-angled plane triangle. I have not followed
Suter in this respect and have remained faithful to the manuscript.
For it is easy enough to follow the case of right-angled and acute-an-
gled plane triangles from this same figure, and the phraseology of the
text refers to a single figure for both special cases anyway. The result
of all this is that our printed text has five figures, as the manuscript it-
self, whereas Suter’s translation contains seven figures.

Figures 2, 3, and 4 of the present printed text contain in the ma-
nuscript certain straight-line segments placed by the sides of these
figures. Such appendages to geometrical figures are found in other
medieval manuscripts also. They apparently served the purpose of
placing side by side and representing such magnitudes, at times non-
homogeneous, as sines of angles and lengths of line segments or arcs
as magnitudes of the same kind and had the function of expressing
them in reference to a common scale. These line segments have been
omitted in the figures of our text, as was also done by Suter.

It is interesting to note that in this tract the radii of the spheres
or circles to which the sines are referred are taken to be unity through-
out. This interesting convention, which apparently never became
widespread, must therefore have dated back to the early years of
Al-Bayrfini.

Nasiruddin at-Thsi associates and attributes the adoption of
the value of unity for the radius in trigonometry to Al-Bayrani.®
If this means, as Nasiruddin seems to imply, that such a convention
was first proposed and adopted by Al-Bayriini, such a datum would
be of special interest to us from the vantage point of our present manus-
cript also. For this would mean that though the proofs incorporated in
the present tract belonged to Ablt Nasr Mansir, Al-Bayrini may
have had his own way in the matter of their formal presentation. This
too, incidentally, would run counter to what we may call Suter’s

% Nasiruddin, ep. cit., text, p. 136, tr., p. 175. See also, text, pp. 140-142, tr.,
pp- 180-184, and, Salih Zeki, Athér-i Bagiye, vol. 1, Istanbul 1329 H. (1913 A. D.),
p. 61.
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_ more or less tacit assumption that in this letter Al-Bayrni probably
simply reproduces a text belonging to his master Abi Nasr, possibly
adding to it the final paragraph.'®

Nasiruddin reproduces four proofs of Abti Nasr Manstr for the
theorams of the sine law for spherical triangles.)! The texts of none of
these is the same as the present manuscript text. This may again be
interpreted to indicate that our manuscript text was not a copy of Abii
Nasr Manstr’s own wording, We cannot be sure, however, that any
of the texts given by Nasiruddin was a faithful copy of the original ei-
ther. In fact, one of these proofs is sepcifically stated by Nasiruddin
to belong to both Abi Nasr and Abt’l Wafa “though their actual
wordings are different’ 12

It may be noted that in these proofs too the radius is taken to
be unity. But this is apparently because Nasiruddin was not interest-
ed in quoting the texts of other mathematicians word for word but
only in reproducing the specific nature of each proof, In fact the adop-
tion of the value of the radius as unity is a common feature of all the
different proofs connected with the sine law as reproduced by Nasi-
ruddin. '

Another peculiarity of the present tract is that in it the law of
sines for plane triangles is mentioned after the cases dealing with
spherical triangles. Moreover, the equivalence of the mehsure of a
plane angle and the arc of circle subtended by it is explicitly stated. In
fact, this definition is set forth twice when treating the cases represent-
ed by figure 4, and likewise, the sine of a plane angle is defined on
this occasion, whereas no such definitions are given for the case of a
diedral angle, e.g., or rather, a very brief and partial reference is
made thereto, although it may naturally be claimed that the latter
case is less simple and more in need of clarification.

All this would seem to create the impression that the law of
sines was first discovered for the case of spherical triangles and then
extended and generalized to the case of plane triangles. Such a cir-
cumstance may in fact be said to be in conformity with the general

10 See above, p. 187 and note 8.
11 Nasiruddin, op. cit., text, pp. 10g-114, 121-122; tr. pp. 143-148, 160-162.
12 Nasiruddin, op. ¢it., text, p. 111, tr., p. 145.
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course of the history of trigonometry in Islam. For spherical trigono-
metry was much more in the foreground in the cultivation and pro-
gress of knowledge in this branch of mathematics, and this was due
to the circumstance that work in trigonometry was motivated largely
in its capacity of a mathematical tool needed by astronomy.

These definitions given in connection with plane angles in the
text seem to indicate that a need was felt to refer a plane angle to the
arc subtended by it and to associate trigonometric functions with
such arcs rather than with the space bounded by two lines coming to-
gether in a point. The peculiar turn of such details in the present
text would seem to suggest that plane trigonometry was, roughly speak-
ing, in its stage of infancy at the time and that in utilizing trigono-
metric {functions in plane triangles care was taken not to make mistakes,
perhaps especially when, as in the present text, radii were taken equal
to unity and trigonometric functions were simply represented by
straight-line segments. Spherical triangles may presumably have of-
fered the advantage of drawing attention more automatically to the
center of the arcs whose trigonometric functions came into play, as
well as to the arcs themselves.

As central angles have the same measure as their arcs, or,
rather, as they are measured by their arcs, there is of course nothing
odd in drawing attention to this point. Likewise, as sines are ratios,
in comparing different sines it is necessary to refer them to denomina-
tors of the same value when the denominators are missing. It is there-
fore reasonable and even necessary to be careful to adhere to this
principle when the denominators of the fractions representing these
ratios are kept in the background and are not explicitly referred to,
as is the case in the present tract. The point here is that such pre-
cautions seem to be taken when applying trigonometry to plane trian-
gles and not in applying it to spherical triangles. And this suggests
that plane trigonometry was a less familiar subject as compared to
spherical trigonometry.

*

It would seem worthwile to summarize the content of our text
by presenting summaries of Ab{t Nasr’s proofs, as transmitted by
Al-Bayriini in this letter, in modern notations. We have the following
five proofs for the five special cases dealt with in the text:
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1 — In the first case (figure 1) we want to prove that in the spheri-
cal triangle ABG, where the angle A is a right angle, the relation
sinAB _ sinG
SinBG  sinA
ZLH are similar. The angles GZH, GZT, HLZ, BDZ, and BEZ are

right a‘,ngles by construction. From the similarity of the triangles

BD HL
EDB and ZLH it follows that —— IE—HZ - ves (T)

BD =sinAB, BE =sinBG, HL =3sinG, and HZ =sinA.
Replacing therefore the terms occurring in relation (1) by their equals,

holds. It is first shown that the triangles EDB and

! sinAB  sinG
wehave: GnBG  sinA '
Q.E.D.

2 — In the triangles ABG of figures 2 and 3 we wish to prove
the same relation. This time the triangle is not a right triangle. Our
proof is therefore to apply to the cases of acute-angled and obtuse-
angled triangles both.

We draw the arcs BD perpendicular to the arcs AG and AD,
respectively. In the spherical right triangles ABD and BDG we have
sinAB _ sinD d sinBD  sinG
SnBD  sinA ' sinBG  sinD
first special case just demonstrated. Multiplying these two pro-

by virtue of our theorem of the

; o . sinAB  sinG
portionalities term by term, we obtain e e el ey
Q.E. D.
3 — In the plane triangle ABG of figure 4 it is required: to prove
AB sinG
that “aB"

In case the angle G is a right angle, then, AB = sinG and
* AG = sinB. Dividing both sides of these equalitics term by "term
AB  sinG
respectively and setting them equal, we obtain I =ms
Q.E.D.

4 — In case the triangle ABG is an acute-angled plane triangle

AG  sinH
(figure 4), we have in the right triangles AGH and AHB %
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AH  sinB y .
and AB = smE" Multiplying these term by term, we obtain
AG  sinB
AB  sinG”
Q.E. D.
3 o b AG sinD
5 — In the triangle AGD it is to be proved that = aog

The triangle AGD is an obtuse-angled plane triangle (figure 5).
DG is produced beyond G and the perpendicular AB is dropped on it.
In the right triangles AGB and ABD we have

AG _ sinB d AB  sinD

AB ~ snG ¢ TAD sinB -
- . AG  sinD
Multiplying these, we obtain S M o

Q.E.D.
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ARAPCA METNIN TURKCE GEVIRISI

Esirgeyen ve varhgayan Tanrn'min adiyla. Efendimiz Mu-
hammed’e, ailesi fertlerine, ve yakinlarina Tann dirlik ve esenlik
versin.

Miiminlerin Emiri Bagbugumuzun — Tann onu korusun
ve giicli kilsin — yakin akrabasi erdemli §cyh Ebti Nasr Mansur
ibn Ali’nin tamtlama yollan. =

ABG iiggeni kiire tizerinde bulunup kenarlart bityiik daire
yaylann ve A aqs1 diktir (Sekil 1). AB’nin siniisiiniin BG’nin
sintistine oraninin G agisinin siniisiiniin A agisinn siniisiine ora-
nina esit oldugunu savhiyorum.

Tamtlanmasina gelince: GB ve GA yaylarim ceyrek daireye
tamamlayalim. Mcydana gelen ceyrek daire yaylan GBH ve
GAT’dir. G agsinm 6lgiisiinit veren HT yaymm cizelim ve
H, T, A, ve G noktalannm HZ, TZ, AZ, ve GZ dogru parcalan
aracilifiyla kiire merkezi olan Z noktastyla birlestirelim. Yine,
siniis olan HL, BD, ve BE dogru pargalanim gizelim ve D ile
E’yi ED dogru pargasim cizerek birlestirelim.

Imdi, AZ dogrusu GAT ve AB daireleri diizlemlerinin ara
kesiti oldugundan ve BD dogru pargasimin AZ’ye dik olugun-
dan, BD zorunlulukla GAT dairesi diizlemine diktir ve aym
sebeple HL de bu diizleme, yani GAT dairesi diizlemine diktir.
Béyle olunca da, HL ile BD birbirlerine paraleldirler. Ote
yandan, HG bir ¢eyrek daire oldugundan, HZG aqs bir dik
agidir. Aym suretle, BEZ agis1 da | diktir. Ayrica, HZ ile BE aym
diizlemdedir. Ciinkii her ikisi de GBH dairesi diizlemi iginde
bulunmaktadirlar. Béylece, HZ ile BE paraleldirler ve DBE
tiggeninin diizlemi LHZ iicgeninin diizlemine paraleldir. Ote
yandan, bu iicgenler GAT dairesi diizlemi tarafindan kesilmek-
tedirler. Ciinkii D, E, L, ve Z noktalar1 bu daire diizlemi igin-
dedirler. Binaenaleyh [bu tiggenlerin ED ve LZ kenarlari da para-
leldir ve] HLZ ve DBE iicgenleri benzer ii¢genlerdir. Demek ki,
AB’nin siniisii olan DB’nin, BG’nin siniisii olan BE’ye oram G
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agistnin siniisti olan HL nin, A acisinin siniisii olan HZ’ye ora-
mnd esittir (Sekil 1).

Simdi de A agsimin da dik olmamasi halini ele alalim
(Sekil 2 ve 3). AB’nin siniisiniin BG’nin siniisiine oraninin, G
agisiin siniisiniin A agisinin siniisiine oramina esit oldugunu
beyan ediyoruz.

Bunun ispatim1 su yoldan yapanz: BD biiyiik daire yaymm
AG’ye dik olarak gizeriz. Imdi, AB’nin siniistiniin BD’nin siniisiine
orami1 D agisimin siniisiiniin A agisinin siniisiine oranina ve BD’
nin sinlistiniin BG'nin siniisiine oram G agisinin siniistiniin D
agisinin siniisiine oranina egit oldugundan, bu iki orantinin taraf
tarafa carpimi AB’nin siniisiiniin BG’nin siniisiine oraninin G
agisin siniistiniin A agisimin siniisii oranina egitligi bagmtisin
verir. Boylece de teoremimiz ispatlanmug olur (Sekil 2 ve 3).

Bu kez ABG iiggeni verilmis olsun (Sekil 4). AB'nin AG’ye
oranmin, G agisimn siniisiiniin B agisinin siniistine oraminina
esit oldugunu beyan ediyorum.

Tamti: Ilkin, kenarlan dogru pargalarindan olugma bir
iiggene iliskin olarak “falanca agun siniisii” soziimiizle, bir
daire merkezinde bulundugunda bu aginin gorecegi yayn sinii-
stinii ifade etmek istedigimiz bilinmelidir, Bu belirtmeden sonra,
B noktas: merkez olmak iizere bu nokta etrafinda BA yarigapiyla
AD yaymu cizer, BG dogru parcasini G noktas: 6tesinde uzatiniz.
BG’nin bu uzantist AD yaymm D noktasinda kessin.

filkin G agsmn dik olmasi halini ele alahm. AG dogru
parcasimn AD’nin siniisii oldugunu ve AD’nin merkezsel B agi-
sinin Slgiisiinii verdigini biliyoruz. Ayrica, AB dogru pargast
bu daire yarngapt oldugundan, bu dogru parcasi, merkezde
bulundugu takdirde bir geyrek daire yaym gérmek durumunda
olan G agsmn siniisiidiir. Boylece de, G agisimin dik olmasi
sikki icin teoremimiz ispatlanmug olur (Sekil 4).

Simdi de G agisinin dik olmadigim farz edelim. A noktasin-
dan BD dogrusuna AH dikmesini indirelim. AG’nin AH’ye
oram1 H dik agisimin siniisiiniin G agisinn siniisiine oranma
esittir. Bu da sundan otiiridiir ki, eldeki durumda AH dogru



135b

136a

BEYRUNI*NIN BIR MEKTUBU 203

pargasi, yaricapt AG olan dairede G agisin siniisiidiir. Yine,
AH’nin AB’ye orani, B agisinin sintisiiniin | H dik a¢isinin sinii-
stine oranmna egittir. Ciinkii AH, yaricapi AB olan dairede B
agisinin sintistidiir. Eldeki bu iki orantiy1 taraf tarafa carpar-
sak, AG’nin AB’ye oraminmn, B acisimn siniisiiniin G agisiin
siniistine oranma esitligi bagmtisint elde ederiz (Sekil 4).

Bir baska aciklama (veya, tiimleyici baglanti) da sudur:
AGD iiggeni verilmis olsun (Sekil 5). AGD tiggeninde, AG dogru
parcasimin AD dogru parc¢asina orammm, D agisinin siniistiniin
G acisinin siniisiine oranina esit oldugunun saptanmasi soz
konusudur. . S

Bu baglantiyr ispatlamak igin DG dogru parcasmm A’dan
indirilen AB dikmesiyle B noktasinda kesisinceye kadar uzatahm.
GA’nin AB’ye oranmin, B agisinin siniisiiniin G agisinin siniisiine
oranina esitligi saptanmis bulunuyor. Aym suretle, AB’nin AD’ye
oraninin, D agisinmn siniisiniin B acisinin sintisiine oranina esit
oldugunu da biliyoruz. Bu orantilarin taraf tarafa garpim ise
AG’nin AD’ye oraninin, D a¢isinin siniisiiniin G agisinin siniisiine
oraninina esitligi sonucunu verir, Boylece de aradigimz ispat
elde edilmis olur.

Bu yaz Eb’r-Reyhan’in Eb&i Said’e mektubunun bir
kopyasidir. Yiice Tann her ikisine de rahmet etsin.
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TRANSLATION OF THE ARABIC TEXT

Derivations found by the virtuous shapkhi Abt Nasr Mansir
ibn ‘Ali, the close relative of the Amir of the Believers, may
God support and sterngthen him.

Let the triangle ABG be on the surface of a sphere, its
sides being arcs of great circles, and let the angle A be a right
angle. (Figure 1). I assert that the ratio of the sine of AB to the
sine of BG is equal to the ratio of the sine of the angle G to the
sine of the angle A.

Its proof is as follows: Let us complete GB and GA to quar-
ters of circles. These are GBH and GAT. We draw the arc HT,
which is of the magnitude of the angle G, and we join the points
H, T, A, and G to Z, the center of the sphere, through the straight
line segments HZ, TZ, AZ, and GZ. We then draw the sines
HL, BD, and BE, and we likewise draw ED by joining E to D.

Now, because AZ is the line of intersection of the planes of the
circles GAT and AB and BD is perpendicular to AZ, BD is necessa-
rily perpendicular to the plane of the circle GAT, and for the
same reason HL is also perpendicular to the same plane,i.e., tothe
plane of the circle GAT. HL and BD are therefore parallel, and
because HG is a quarter of a circle, HZG is a right angle. Like-
wise, the angle BEZ | is a right angle; and HZ and BE are in the
same plane, for they are in the plane of the circle GBH. There-
fore, HZ and BE are parallel, and the plane of the triangle DBE
is parallel to the plane of the triangle LHZ. And these triangles
are intersected by the plane of the circle GAT. For the points D,
E, I, and Z are on the plane of this circle. Therefore, [the line
segments ED and ZL are parallel, and] the triangles HLZ and
BED are similar. Consequently, the ratio of DB, which is the
sine of AB, to BE, which is the sine of BG, is equal to the ratio
of HL, which is the sine of the angle G, to HZ, which is the sine
of the angle A. (Figure 1).
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Let now the angle A too not be a right angle. (Figures 2, 3).
We state that the ratio of the sine of AB to the sine of BG is
equal to the ratio of the sine of the angle G to the sine of the
angle A.

« Its proof is as follows: We draw the arc of great circle BD
perpendicular to AG. Now, as the ratio of the sine of AB to the
sine of BD is equal to the ratio of the sine of the angle D to the
sine of the angle A and the ratio of the sine of BD to the sine of BG
is equal to the ratio of the sine of the angle G to the sine of the
angle D, their products being likewise equal, one obtains the
result that the ratio of the sine of AB to the sine of BG is equal to
the ratio of the sine of the angle G to the sine of the angle A.
(Figures 2 and 3).

Q. B D

Let next the triangle ABG be given. (Figure 4). I assert that
the ratio of AB to AG is equal to the ratio of the sine of the angle
G to the sine of the angle B.

As to its proof, it is necessary first of all to know .that by
the expression “the sine of such and such an angle” in a triangle
whose sides are made up of straight-line segments we mean to
refer to the sine of the arc which such an angle subtcnds when
this angle is located at the center of a circle. We desctibe then
with the point B as center and with AB as radius the arc AD
and produce the line BG beyond the point G. Let th;s exten-
tion of BG meet the arc AD at the point D.

Now, in case the angle G is a right angle, AG is the sine
of AD which is of the same magnitude as the angle B taken at
the center of this arc. And, as AB is the radius of this circle,
it is the sine of the angle G, which, if located at the center, would
subtend an arc of a quarter of a circle, Thus, the theorem is
verified for the case wherein the angle G is a right angle. (Figure
4)-

Next we suppose G not to be a right angle. From the point
A we drop the perpendicular AH upon the line BD. The ratio
of AG to AH is equal to the ratio of the sine of the right angle
H to the sine of the angle G, and this is because, under these
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circumstances, AH is the sine of the angle G in the circle whose
radius is AG. Moreover, the ratio of AH to AB is equal to the
ratio of the sine of the angle B| to the sine of the angle H which is
a right angle. For AH is the sine of the angle B in the circle the
radius of which is AB. Consequently, by multiplying and setting
equal both sides of these two equalities one obtains the relation
that the ratio of AG to AB is equal to the ratio of the sine of the
angle B to the sine of the angle G. (Figure 4).

Another exposition: Let the triangle AGD be given. (Fi-
gure 5). It is to be proved that the ratio,of the side AG of the
triangle AGD to its side AD is equal to the ratio of the sine of
the angle D to the sine of the angle G.

Its proof: We produce DG and drop from A a perpendi-
cular to it. Let them meet at B. It is clear that the ratio of AG
to AB is equal to the ratio of the sine of the angle B to the sine
of the angle G. Likewise, the ratio of AB to AD is equal to the
ratio of the sine of the angle D to the sine of the angle B. By mul-
tiplying and setting equal both sides of these two equalities, we
have: the ratio of AG to AD is equal to the ratio of the sine
of the angle D to the sine of the angle G.

0.8 D

This is the copy of Abf ar-Rayhan’s letter to AbG Sa‘id,
may God, He is exalted, have mercy on them both.



