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AL-BAYRÜNİ'S LETTER ON ABÜ NAŞR MANŞÜR'S 
DEMONSTRATION OF THE SINE LAW 

Dr. AYDIN SAYILI 

The little tract of Al-Bayrfıni, presented here in its Arabic text 
as well as Turkish and English translations, is, as is attested by its 
dosing sentence, a lettcr written by him to SOllleone called Abu Sa<id. 
I t occupies pp. 134b-ı36a in a volume macfe 'up of a collection of 
Arabic manuscripts. The volume is in Leiden, in Bibliotheca Aca­
demia Lugduno Batavac and is registered there undcr number 1007 

(Codex ı68 Golii). This short artide of Al-Bayrtıni was brouglıt to 
the attention of the scholarly world through its Ger~an translation 
by Suter.1 

As its opening words indicate, this letter of Al-Bayrtıni announccs 
and brings to light certain contributions of Abtı Naşr Manştır ibn 
<Ali ibn <Iraq to plane and spherical trigonometry. This contribution 
is Abtı Naşr's proof for the sine law, and it contains the theorems 
covering all the special cascs of the sine law. Abtı Naşr Manştır was the 
teacher and patron of Al-Bayrtıni. He was a prince of the family of the 
dynasty wlıich ruled Wcstern Khwarazm until 995 A.D., and he 
was an outstanding mathematician and astronomer. 

It is not stated in this article explicitly that the law of sines was 
discovered by Abtı Naşr. For the very first word of the tract relevant 
to this question is "derivation" and not "discovery". It would seem 
thcrefore possible from this wording that the law itself may have been 
of earlier da te and that Abtı Naşr may simply have supplied new proofs 
for it. Or, again, the connotation of this pithy statement may be that 
Abtı Naşr's contribution was sornewhat more substantial, though he 
was not fully responsiblc for the announcemcnt of the law for the first 
time. 

1 Heinrich Suter, "Zur Trigonometrie der Araber", Bibliotheca MatJıematica, 
series 3, volume ıo, Heft 2, Leipzig ıgıo, pp. ıs6-ı6o. 
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Al-Bayruni has anothcr work which is still cxtant, though cansi­
dered lost' until rcccntly,2 in which he takes up this and other closely 
related topics in greater detail, as we gather from Naşiruddin at­
'fusi's reference to it. This book is entitled MaqaUdu <J[mi Hay'ati ma 
TaMit/ıu jf Basi!i'l Kurati wa Ghayrihi (Tiıe Keys to the Knowledge of 
t/ıe Properties of Superficial Splıerical and Other Figures). According to 
Naşiruddin, in fact, Al-Bayruni states in this work that it was, with 
the greatest likelihood, Abu Naşr who was first able to establish this 
law in its most general form, covcring all its special cases, though Abu'l 
Wafa Mu}?ammad ibn Mu}_ıammad al Buzjani and AbO Ma}_ımud 

l;lamid ibn al Khiçlr al Khujandi also claimed priority in this respect.3 

I t is true that Naşiruddin seems sornewhat non-committal in 
this question.4 But Al-BayrCmi's opinion in this matter should certainly 
carry considerable weight, and it is therefore quite likely that Abu 
Naşr generalized and extended tlıe law of sines by discovering some 
of its special cases for the first time, possibly those dealing with plane 
triangles. 

This may possibly have been the case. For apparently Naşiruddin 
a~-TOsi was interested in the history of the subject espccially in so far 
as spherical trigonometry is concerned. His text in fact contains 
considerable detail on the proofs found by various mathematicians 
for the sine law as applicd to spherical triangles. 6 But he ha~ nothing 
to say about contributions of mathematicians to the subject of the sine 
law for plane triangles. 

It seems reasonable, indeed, as we shall see a bit further on, to 
conjecture that the sine law was generalized and extended' to plane 
triangles after having first bcen established for the case of spherical 
triangles. W e obviously cannot be sure, in the face of lack of unequi­
vocal and conclusive evidence in our sources, however, that the honor 

' of making such a generalizatian and extention bclonged solely t~ Abu 
Naşr ManşOr. 

2 See, !sis, vol. 64, No. 225, 1973, p. 6g (item 1007). 
3 Naşiruddin at-Tusl, Kitabu Shakli'l-Qa!/G', ed. and tr. A. Caratheodori, 

Istanbul 1891, text, p. 108, tr. , p. 140. 

' Naşiruddin, op. cit., text, pp. 108, 125, tr., pp. 140, 162-163. 
5 Naşiruddin, op. cit., text, pp. 108-125, tr., pp. 140-163. 
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T he present little article, or letter, is not included in Al-Bayruni's 
detailed list of his own works, although, if it is true, as asserted by 
Suter, that the Jetter was written to Abı1 Sa'id as-Sijzi (or Sijazl) 
(d. ca. 1024), it should be of earlier date than the said list, which was 
prepared in 1036. In the manuscript itself only the name Abı1 Sa'id 
occurs. I do not know what evidence Suter has for considering this to 
refer to Abu Sa'id as-Sijzi. 

Apart from these considerations, however, it is clear from the 
first senten ce of the text that Al-Bayruni wrote it before he had reached 
the age of 23, i.e., before Abu 'Abdullah Mul)ammad ibn AJ:ımad ibn 
'Iraq, the last king of the family oflbn 'Iraq~ ·r'ulers ofWestern Khwa­
razm, was overthrown by the ruler of Eastern Khwarazm in 995· For 
Al-Bayruni refers to him here, in his opening sentence, as a man stili 
living and as a ruler stili in power. 

I t is true that Suter translates the key expressian here, mawlii 
Amiri' l-mu'minin, as the "freed slave of the amtr of the believers", and 
this would render the chronological connotation of that statement 
vague. Al-Bayruni uses this expression quite frequently when speaking 
of Abu Naşr Manşur. Sachau also translated this word mawta, used 
by Al-Bayruni when speaking of Abu Naşr Manşur, as "freed slave", 
and he decided that the term Amiru'l-mu'minm occurring together with 
it should refer here to the Samanid king of the time. 6 

Such a reference is quite unusual, however, and it is rather odd 
that Al-Bayruni should have repeatedly used it in the sense of "freed 
slave" when speaking of Abu Naşr Manşur. The term amiru'l-mu'minin 
was used frequently and for any ruler, and one of the meanings of the 
word mawlli. is "close relative". It is known, on the other hand, that, 
as the part of his name "Ibn ' I raq" also indicates, Abu Naşr Manştır 
belonged to the ruling family of Western Khwarazm. There should 
be no doubt therefore that the meaning of this expression, as used in 
this context by Al-Bayruni, is 'the close relative of the king of 
Khwarazm', as I have interpreted it. 

It is quite understandable of course that Al-Bayruni should have 
forgotten to include this Jetter of his youthful days İn the list of his 
works prepared at a considerably later date or that he should not have 

6 See, Al-Bayruni, Al-AtMru'l-Bô.qiya, ed. Sachau, Introduction, p. 33· 
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·_ev en considered it necessary to include such aletter concerning sorneo ne 
else's worli, learned though it may be, in the list of his own publications. 
The last sentence of this tract constitutes sufficient evidence that it 
was written by Al-Bayrfıni, and, as we have just seen, we are in pos­
session of clear evidence that the subject of this Jetter was one which 
was of great interest to him and to which he referred in greater detail 
in at least one of his more substantial works. W e should therefore not 
doubt the authenticity of its attribution to AI-Bayrfıni. 

As mentioned above, Naşiruddin speaks of the history of the sine 
law in detail only in connection with spherical triangles. Moreover, 
the figures concerning these theorems that occur in the text of 
Naşiruddin's work which has survived were considered often wanting 
in clarity. These details were consequently omitted in Von Braun­
mühl's history of trigonometry in Islam, and this had resulted in 
the creation of a slightly distorted image of the course of progress of 
trigonometry in Islam. For it had brought the thirteenth century 
sornewhat into prominence at the expense of underestimating certain 
achievements, especially in plane trigonometry, belonging to the 
earlier centuries. 7 Al-Bayruni's present short tract was one· of the 
most important documents serving to correct that impression. 

As this letter of AI-Bayruni is thus obviously of considerable sig­
nificance to the history of trigonometry in Islam, it was i deemed 
advisable to publish it, although, as mentioned before, Suter has 
already made a full German translation of it available. I also thought 
it mig ht not be superfluous to pu blish on this occasion an English trans­
lation of it too, as my reading and u nderstanding of the text :differ in 
certain respects from those of Suter. 

The manuscript is badly worm-eaten in parts. Fortunately, 
however, the context makes it possible to emend and complete, without 
nıuch difficultyf the smail lacunas that have thus come into b~ing. 
The words and Jetters added in order to fill these gaps have been 
placed in sq u are brackets in the printed text. In fo ur places the word 
sine is missing in the manuscript, and there is no question of their not 
having been left out by mistake. These have been added therefore 
to the text and inserted in braces. Likewise, toward the end of the 

1 Suter, op. cit., pp. ıs6-I57· 



AL- BAYRÜN!'S LETTER 

manuscript something like a full line was skipped by the copyist. 
This is quite obvious from the cantext and also because the missing 
part occurs between two expressions in the form "the sine of the an­
gle", and the manuscript has this expressian only o nce and lacks the 
intervening words. The missing part of about one line which has been 
added has also been inserted within braces in .the printed text. The 
manuscript is otherwise quite legible and clear, and it contains only 
two other errors which have been corrected as can be seen from the 
footnotes. 

Su ter makes the conjecture that the l<~:.S~- demonstration, or, as 
I call it, the fifth special case, set forth in· the article is a la ter addi tion, 
appended possibly "by Al-Bayrfini himself".8 This is a sornewhat 
strange statement, for the whole Jetter was penned by AI-Bayrunl 
anyway. Su ter apparently means also to say that this last proof is pro­
bably a contribution to the subject due to Al-Bayruni. But such a 
daim too would not seem much to the point. For, as Su ter himself says, 
this proof is not different at all from the other proofs set forth in the 
text. 

Su ter' s vaguely phrased conjecture is based mainly on the Jettering 
of the triangle connected with this last special case as ADG (o ur figure 
5), ~s compared to the Jettering ABG that occurs in the triangles of 
the preceding parts of the text. He also says that this last paragraph 
is briefer and more concise as compared to the earlier treatments of 
the examples of triangles, and he adds incidentally that this part of 
the text is defective, for certain parts of ratio's involved in the intended 
proof are missing. 

Suter's views concerning this last part of the text are certainly 
mistaken and unsatisfactory. I have come to the conclusion that 
w hat has misled Su ter in the first place is his interpretation of the figure 
of the text which I have reproduced here as figure 4 and w hi ch belongs 
to the one-before-last case dealt with in the text. The lines AH and 
AG in this figure are quite close to each other in the figure of the ma­
nuscript, and the part of the figure where the Jetters H and G are 
located is worm-eaten. 

8 Suter, op. cit., p. ı6o, note 2. 
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. Su ter takes G to be on the left-hand side of H (figure 6 in Suter). 
This make's the triangle ABG an obtuse-angled triangle. But the fina! 
figure belonging to the "fifth special case" (the manuscript's and our 
figure 5, and Suter's figure 7) also represents an obtuse-angled trian­
gle, and the two final cases dealt vvith thus become the same. That is 
why the final case appears to Suter to be some kind of a repetition of 
the one coming immediately before it. 

This confusion is also caused partly by the lack of clarity of the 
same figure 4 as to whether the line to the left or whether the one to 
the right (i. e., AH and AG) is perpendicular to the base line. I have 
come to decide that G belongs to the point on the right and H to the 
point on the left, the point H being the foot of the perpendicular to 
the base line as explicitly stated in the text. This makes the one-before­
Jast figure of the text (my figure 4) an acute-angled triangle and the 
last figure an obtuse-angled triangle as is clear from the figure of 
the manuscript anyway (figure 5 of our printed text). The two speci­
al cases to which these figures refer, i. e., the last two proofs in the 
text, thus cease to be repetitive, and tlıe doubts raised by Suter 
become pointless. 

This way of interpretation of these two figures for plane triangles 
finds its exact paraHel in the two previous figures of the handwritten 
text (o ur figures 2 and 3) for sp h erical triangles, one of which r~presents · 
an acute-angled spherical triangle and tlıe other an obtuse-angled 
spherical triangle. As to Suter's observation that the last paragraph 
of the text is shorter and more concise as compared to the earlier sec­
tions dealing with plane triangles, this siınply arises from two . circum-
stances. .t 

It is firstly due to the circumstance that a text of about one line 
was Ieft out by the copyist in the last paragraph, and it should secondly 
be pointed out that the earlier sections dealing with plane tria~gles 
are a little lengthy bccause in these sections certain concepts relating 
to plane trigonometry are elucidated by giving certain definitions. But 
these definitions and clarifications apply to the last paragraph as well. 
It is natural therefore that these should not have been repeated, and 
this too makes the last paragraph shorter and more concise. 

l\1oreover, the terminating sentence of the tract clearly seems 
to round up the whole article, and there is no trace of a phraseology 
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resembling a terminating statement coming before the fifth special case. 
It may also be pointed out in this connection that this tract seems to 
have been conceived as composed of two major parts, viz., the part 
dealing with spherical triangles, and the part dealing with plane trian­
gles. For the expression Q. E. D. comes only at the ends of these major 
parts and not at the ends of the other more specific special cases. And 
as the second of these expressions comes at the end of the last para­
graph, this too may be taken to indicate that the last paragraph was 
not intended as an appendage to an otherwise complete formal treat­
ment. Thus the various parts of the letter fit together rather nicely and 
contribute towards the formation of a well-integrated whole not only 
from the standpoint of the subject matter but also from the viewpoint 
of phraseology and literary expression especially in ~hat concerns 
the opening and dosing sentences. 

It is true that what I call the fifth case starts with the words 
ibarelun uk!ıra which Suter interprets to mean something like an alter­
native proof. But this could mean "another exposition" or "a comple­
mentary relation". Such an interpretation would seem reasonable. 
At any rate, these two cases need not necessarily have been conceived 
as two cases sharply distinguished from each other. Indeed, the cor­
responding two cases for spherical triangles are condensed into a single 
special case in the wording of the letter, although this part of the text 
is illustrated with two different figures. 

As it shall presently be pointed out, one feature of this text is that 
its parts dealing with spherical triangles are more condensed than 
the parts treating plane triangles. And this feature holds true for the 
case concerning the right-angled plane triangle and that dealing with 
obtuse-angled plane triangle. Nevertheless, they are both represented 
by a single f igure in the manuscript. T hus, ina sense, Al-Bayruni did 
not feel the need of drawing too clear a line of demarcation between 
these two cases either. 

Under these circumstances, or under any circumstance, for that 
matter, it is quite natural that the proofs of the last two cases should be 
of exactly the same nature. This identity of method of proof would not 
constitute repetitiveness but would simply indicate that in a sense 
these two parts of the text are consistent or consonant with each other. 
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· .For, as they are complementary, the same method of proof is simply 
applied in both cases. 

As a matter offact, I was able to supply the missing part of about 
aline in this final paragraph by using words and expressions taken from 
the special case preceding it, and these are found in more or less the 
same form in the part of the text dealing with spherical triangles. For 
the same feature occurs in the proofs given for those cases too. To be 
more exact, this is the common feature of the four special cases dealing 
with acu~e-angled and obtuse-angled plane and spherical triangles, 
i. e., of all the proofs with the exception of those concerning right-an­
gled plane and spherical triangles. 

I have changed, in the text, the letters rcferring to the geo­
metrical figures to the corresponding letters of the Latin alphabet. 
This was not done only in order to simplify the printing but also to 
make one set of figures sufficient for both the text and i ts translations. 
The manuscript is one continuous text. I have divided it into para­
graphs, and the punctuation is all mine. I have added dots of letters 
occasionaly missing in the manuscript and have omitted some of the 
diacritical marks of the handwritten text. The manuscript · has no 
hamza signs; the few which appcar in the printed text do not belong to 
the manuscript. 

The first figure of the manuscript docs not conform wbıı to the 
requirements of the conditions of perspective involved in the represent­
ation of the sector of sphere it stands for. The three dimensional situa­
tion represented is not clear, therefore, and it is not casy to · visualize 
the lines occurring on it. Such ambiguity of figures is rather .-common 
in such manuscript texts due especially to careless reproduction by 
copyists not farnillar with the subject. I have rcplaced this figure of 
the manuscript by its improvcd version supplied by Suter. As this 

.. improved figure represents what in reality the text needs and' very 
likely is more similar to what it originally had, I have not reproduced 
the vague figure of the manuscript as Suter has done. For this reason, 
figure ı of our printed text corresponds to figurc 2 of Suter's trans­
lation. 

As previously pointed out, figure 4 in the manuscript, which 
is figure 4 in our text also, is not very clear either and is worm-eaten in 
one part. This figure of ours is different from the corrcsponding figure 
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given by Su ter (figure 6), as the points G and H are differently situated 
in them. Moreover, Suter has split this figure 4 of the manuscript into 
two in order to have an independent additional figure for the special 
case dealing with a right-angled plane triangle. I have not followed 
Suter in this respect and have remained faithful to the manuscript. 
For it is easy enough to fallaw the case of right-angled and acute-an­
gled plane triangles from this same figure, and the phraseology of the 
text refers to a single figurc for both special cases anyway. The result 
of all this is that our printed text has five figurcs, as the manuscript it­
self, whereas Suter's translation contains seven ~igures. 

Figures 2, 3, and 4 of the present printed text contain in the ma­
nuscript certain straight-line segments placed by the sides of these 
figures. Such appendages to geometrical figures are found in other 
medieval manuscripts alsa. They apparently served the pW'pose of 
placing side by side and representing such magnitudes, at times non­
homogeneous, as sines of angles and lengths of line segments or ares 
as magnitudes of the same kind and had the function of expressing 
them in reference to a comman scale. Thesc line segments have been 
omitted in the figures of our text, as was also done by Suter. 

It is intercsting to notc that in this tract the radii of the spheres 
or circles to which the sines are referred are taken to be unity through­
out. This interesting convcntion, which apparently never became 
widcspread, must therefore have dated back to the early years of 
Al-Bayruni. 

Naşiruddin at-Tusi associates and attributes the adoption of 
the value of unity for the radius in trigonometry to Al-Bayruni.9 

If this means, as Naşiruddin seems to imply, that such a convention 
was first proposed and adopted by Al-Bayrun1, such a datum would 
be ofspecial interest to us from the vantage point of our present manus­
cript also. For this would mean that though the proofs incorporated in 
the present tract belonged to Abu Naşr Manşur, Al-Bayrunt may 
have had his own way in the matter of their formal presentation. This 
too, incidentally, would run counter to what we may call Suter's 

9 Naşiruddin, op. cit., text, p. 136, tr., p. 175. See also, text, pp. 140-142, tr., 
pp. 18o-184, and, Salih Zeki, AtMr-i Baqiye, vol. ı, Istanbul 1329 H. ( 1913 A. D.), 
p. 6ı. 
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• more or less tacit assumption that in this letter Al-Bayruni probably 
simply reproduces a text belonging to his master Abfi Naşr, possibly 
adding to it the final paragraplı.10 

Naşiruddin reproduces four proofs of Abfı Naşr Manşur for the 
theore.ms of the sine law for spherical triangles.11 The texts of none of 
these is the same as the present manuscript text. This may again be 
int erpreted to indicate that our manuscript text was not a copy of Abfi 
Naşr ManşCır's own wording. We cannot be sure, however, that any 
of the texts given by Naşiruddin was a faithful copy of the original ei­
ther. In fact, one of these proofs is sepcifically stated by Naşiruddin 
to belong to both AbCı Naşr and Abfi'l Wafa "though their actual 
wordings are different". 12 

lt may be noted that in these proofs too the radius is taken to 
be unity. But this is apparently because Naşiruddin was not interest­
ed in quoting the texts of other mathematicians word for word but 
only in reproducing the specific nature of each proof. In fact the adop­
tion of the value of the radius as unity is a common feature of all the 
different proofs connected with the sine law as reproduced by Naşi-

ruddin. · 

Anather peculiarity of the present tract is that in it the law of 
sines for plane triangles is mentioned after the cases de~ling with 
spherical triangles. Moreover, the equivalence of the me~sure of a 
plane angle and the are of circle subtended by it is explicitly stated. In 
fact, this definition is set forth twice when treating the cases represent­
ed by figure 4, and likewise, the sine of a plane angle is defined on 
this occasion, whereas no such definitions are given for the case of a 
diedral angle, e.g., or rather, a very brief and partial reference is 
made thereto, although it may naturally be claimed that the latter 
case is less simple and more in need of clarification. 

All this would seem to create the impression that the law of 
sines was fjrst discovered for the case of spherical triangles and then 
extended and generalized to the case of plane triangles. Such a cir­
cumstance may in fact be said to be in conformity with the general 

ıo See above, p . ı87 and note 8. 
11 Naşiruddin, op. cit., text, pp. ıog-ı 14, ı2r-r22; tr. pp. 143- 148, ı6o-ı62. 
12 Naşiruddin, op. cit., text, p. ı ı ı, tr., p. 145· 



·' -.' 



G 

T 

H 
ı 

B 
B 

G A 
D A 

3 

A 

A 

5 



AL- BAYRÜNI'S LETTER 193 

course of the history of trigonometry in Islam. For spherical trigono­
metry was much more in the foregraund in the cultivation and pro­
gress of knowledge in this branch of mathematics, and this was due 
to the circumstance that work in trigonometry was motivatcd largely 
in its capacity of a mathematical tool needed by astronomy. 

These dcfinitions given in connection with plane angles in the 
text seem to indicate that a need was felt to refcr a plane angle to the 
are subtended by it and to associate trigonometric functions with 
such ares rather than with the space bounded by two lines coming to­
gether in a poiot. The peculiar turn of such detailş in the present 
text would scem to suggest that plane tr.igonometry \'(as: ·roughly speak­
ing, in its stage of infancy at the time and that in utilizing trigono­
metric functions in plane triangles care was taken not to makc mistakes, 
perhaps cspecially when, as in the prcsent text, radii were taken cqual 
to unity and trigonometric functions were simply representcd by 
straight-line segmcnts. Spherical triangles may presumably have of­
fcred the advantagc of drawing attention more automatically to the 
center of the ares whose trigonometric functions came into play, as 
well as to the ares thcınselves. 

As central anglcs have the same measure as their ares, or, 
rather, as they are measured by their ares, there is of course nothing 
odd in drawing attcntion to this point. Likewise, as sincs are ratios, 
in comparing different sines it is necessary to rcfer them to denomina­
tors of the same value when the denominators are missing. It is there­
fare reasonable and even necessary to be careful to adlıere to this 
principlc when the denominatoı·s of the fractions rt:presenting thesc 
ratios are kcpt in the background and are not explicitly refcrrcd to, 
as is the case in the prcsent tract. The point here is that such pre­
cautions secm to be takcn when applying trigonometry to plane triaıı­
gles and not in applying it to spherical triangles. And this suggests 
that plane trigonometry was a lcss familiar subject as compared to 
spherical trigonomelry. 

* 
It would seem worlhwile to summarize the content of our text 

by presenting summar.ies of Abu Naşr's proofs, as transmitted by 
Al-BayrCıni in this lettcr, in modern notations. W e have the following 
five proofs for the five special cases dealt with in the text: 

F. ı:; 
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I - In the first case (figure I) we want to prove that in the spheri­
caı triangle ABG, where the angle A is a right angle, the relation 

sinAB sinG h ıd I · r· h h h . ı EDB d . nBG 'nA o s. t ıs ırst s own t at t e trıang es an 
sı sı 

ZLH are similar. The angıes GZH, GZT, HLZ, BDZ, and BEZ are 
right ~ngıes by construction. From the simiıarity of the triangles 

. BD HL 
EDB and ZLH ıt follows that BE =HZ ... ( ı ) 

BD= sinAB, BE= sinBG, HL = sinG, and HZ= sinA. 
Rcpıacing therefore the tcrms occurring in relation (ı) by their eq uaıs, 

sinAB sinG · 
w e have: sinBG sinA · 

Q.E.D. 

2 - In the triangıcs ABG of figures 2 and 3 we wish to prove 
the same relation. This time the triangıe is not a right triangle. Our 
proof is therefore to apply to the cases of acute-angıed and obtuse­
angled triangles both. 

We draw the ares BD perpendicular to the ares AG and AD, 
respectively. In the sphericaı right triangıes ABD and BDG we have 
sinAB sinD sinBD sinG . 
'nBD = ~A and . BG = -:--D by vntue of our theorem of the 

sı sm sın sm 
first special case just demonstrated. Muıtiplying these t.Wo pro-

. ı· . b b . sinAB sinG 
portıona ıtıes term y term, we o tam sinBG sinA · 

Q.E.D. 

3 - In the pıane triangle ABG of figure 4 it is required- to prove 
AB sinG 

that AG = sinB · 

In case the angle G is a right angle, then, AB = sinG and 
.. AG = sinB. Dividing both sides of these equalitics term by ; term 

AB sinG 
respectively and setting thcm equal, we obtain AG = sinB · 

Q.E.D. 

4 - In case the triangıe ABG is an acu te-angıed plan e triangıe 

(figure 4), we have in the right triangles AGH and AHB z~ = :~~ 



AL- BAYRÜNİ'S LETTER 195 

AH sinB 
and AB = sinH . Multiplying these term by term, we obtain 

AG sinB 
AB = sinG. 

Q.E. D. 
sin D 

5 - In the triangle AGD it is to be proved that ~ = sinG · 
The triangle AGD is an obtuse-angled pıane triangıe (figure 5) . 
DG is produced beyand G and the perpendicular AB is dropped on it. 
In the right triangles AGB and ABD we have .-

AG = sinB and AB = sinD . . - · · 
AB sinG AD sinB 

M ı . ı . h b . AG sinD u tıp yıng t ese, we o tam AD = --:--8 · s ın 
Q.E.D. 
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ARAPÇA METNiN TÜRKÇE ÇEViRiSi 

Esirgeyen ve yarlıgayan Tanrı'nın adıyla. Efendimiz Mu­
hammed'e, ailesi fertlerine, ve yakınlarına Tanrı dirlik ve esenlik 
versın. 

:vlüminlerin Emiri Ba§buğumuzun - Tanrı onu korusun 
ve güçlü kılsın - yakın akrabası erdemli şeyh Ebu Nasr Mansur 
ibn Ali'nin tanıtlama yolları. - . · 

ABG üçgeni küre üzerinde bulunup kenarları büyük daire 
yayları ve A açısı diktir (Şekil ı). AB'nin sinüsünün BG'nin 
sinüsüne oranının G açısının sinüsünün A açısının sinüsüne ora­
nına eşit olduğunu savlıyorum . 

Tanıdanmasına gelince : GB \-e GA yaylarını çeyrek daireye 
tamamlayalım. Meydana gelen çeyrek daire yaylan GBH ve 
GAT'dir. G açısının ölçüsünü veren HT yayını çizelim ve 
H , T, A, ve G noktalarını HZ, TZ, AZ, ve GZ doğru parçaları 
aracılığıyla küre merkezi olan Z noktasıyla birleştirelim. Yine, 
sinüs olan HL, BD, ve BE doğru parçalarını çizelim ve D ile 
E'yi ED doğru parçasını çizerek birleştirelim. 

İmdi, AZ doğrusu GAT ve AB daireleri düzlemlerinin ara 
kesiti olduğundan ve BD doğru parçasının AZ'ye dik oluşun­
dan, BD zorunlulukla GAT dairesi düzlemine diktir ve aynı 
sebeple HL de bu düzleme, yani GAT dairesi düzlemine diktir. 
Böyle olunca da, HL ile BD birbirlerine paraleldirler. Öte 
yandan, HG bir çeyrek daire olduğundan, HZG açısı bir dik 
açıdır. Aynı suretle, BEZ açısı da 1 diktir. Ayrıca, HZ ile BE aym 
düzlemdcdir. Çünkü her ikisi de GBH dairesi düzlemi içinde 
bulunmaktadırlar. Böylece, HZ ile BE paraleldirler ve DBE 
üçgeninin düzlemi LHZ üçgeninin düzlemine paraleldir. Öte 
yandan, bu üçgenler GAT dairesi düzlemi tarafından kesilmek­
tedirler. Çünkü D, E, L, ve Z noktaları bu daire düzlemi için­
dedirler. Binaenaleyh (bu üçgenlerin ED ve LZ kenarlan da para­
leldir ve] HLZ ve DBE üçgenleri benzer üçgenlerdir. Demek ki, 
AB'rıin sinüsü olan DB'nin, BG'nin sinüsü olan BE'ye oranı G 
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açısının sinüsü olan HL'nin, A açısının sinüsü olan HZ'ye ora­
nına eşittir (Şekil ı). 

Şimdi de A açısının da dik olmaması halini ele alalım 

(Şekil 2 ve g). AB'nin sinüsünün BG'nin sinüsüne oranının, G 
a~ısının sinüsünün A açısının sinüsüne oranına eşit olduğunu 

beyan ediyoruz. 

Bunun ispatını şu yoldan yaparız: BD büyük daire yayını 
AG'ye dik olarak çizeriz. İmdi,AB'nin sinüsününBD'nin sinüsüne 
oranı D açısının sinüsünün A açısının sinüsüne oranına ve BD' 
nin sinüsünün BG'nin sinüsünc oranı G açısının sinüsünün D 
açısının sinüsüne oranına eşit olduğundan, bu iki orantının taraf 
tarafa çarpımı AB'nin sinüsünün BG'nin sinüsüne oranının G 
açısının sinüsünün A açısının sinüsü oranına eşitliği bağıntısını 

verir. Böylece de teoremimiz ispatlanmış olur (Şekil 2 ve g). 

Bu kez ABG üçgeni verilmiş olsun (Şekil 4). AB'nin AG'ye 
oranının, G açısının sinüsünün B açısının sinüsüne oranınma 
eşit olduğunu beyan ediyorum. 

Tanıtı: İ lkin, kenarlan doğru parçalarından oluşma bir 
üçgene ilişkin olarak "falanca açının sinüsü" sözümüzle, bir 
daire merkezinde bulunduğunda bu açının göreceği yayın sinü­
sünü ifade etmek istediğimiz bilinmelidir. Bu belirtrned~n sonra, 
B noktası merkez olmak üzere bu nokta etrafında BA ya\ıçapıyla 
AD yayını çizer, BG doğru parçasını G noktası ötesinde uzatınz. 

BG'nin bu uzantısı AD yayım D noktasında kessin. 

İlkin G açısının dik olması halini ele alalım. AG doğru 
parçasının AD'nin sinüsü olduğunu ve AD'nin merkezsel B açı­
sının ölçüsünü verdiğini biliyoruz. Ayrıca, AB doğru parçası 

bu daire yarıçapı olduğundan, bu doğru parçası, merkezde 
bulunduğu takdirde bir çeyrek daire yayını görmek durumpnda 
olan G açısının sinüsüdür. Böylece de, G açısının dik olması 

şıkkı için teoremimiz ispatlanmış olur (Şekil 4). 

Şimdi de G açısının dik olmadığını farz edelim. A noktasın­
dan BD değrusuna AH dikmesini indirelim. AG'nin AH'ye 
oranı H dik açısının sinüsünün G açısının sinüsüne oranına 
eşittir. Bu da şundan ötürüdür ki, eldeki durumda AH doğru 
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parçası, yarıçapı AG olan dairede G açısının sinüsüdür. Yine, 
AH'nin AB'ye oranı, B açısının sinüsünün 1 H dik açısının sinü­
süne oranına eşittir. Çünkü AH, yarıçapı AB olan dairede B 
açısının sinüsüdür. Eldeki bu iki orantıyı taraf tarafa çarpar­
sak, AG'nin AB'ye oranının, B açısının sinüsünün G açısının 
sinüsüne oranına eşitliği bağmtısını elde ederiz (Şekil 4) . 

Bir başka açıklama (veya, tümleyici bağlantı) da şudur: 
AGD üçgeni verilmiş olsun (Şekil s). AGD üçgeninde, AG doğru 
parçasının AD doğru parçasına oranının, D açısının sinüsünün 
G açısının sinüsüne oranına eşit olduğunun saptanması söz 
konusudur. ·' 

Bu bağlantlyı ispatlamak için DG doğru parçasını A'dan 
indirilen AB dikmesiyle B noktasında kesişineeye kadar uzatalım. 
GA'nın AB'ye oranının, B açısının sinüsünün G açısının sinüsüne 
oranına eşitliği saptanmış bulunuyor. Aynı suretle, AB'nin AD'ye 
oranının, D açısının sinüsünün B açısının sinüsüne oranına eşit 
olduğunu da biliyoruz. Bu orantıların taraf tarafa çarpımı ise 
AG'nin AD'ye oranının, D açısının sinüsünün G açısının sinüsüne 
oranınma eşitliği sonucunu verir. Böylece de aradığır~nz ispat 
elde edilmiş olur. 

Bu yazı Ebu'r-Reyhan'ın Ebu Said'e mektubunun bir 
kopyasıdır. Yüce Tanrı her ikisine de rahmet etsin. 





TRANSLATION OF THE ARABIC TEXT 

Derivations found by the virtuous slıaykiı Abu Naşr Manştır 
ibn 'Ali, the close relative of the Amir of the Believers, may 
God support .and sterngthen him. 

Let the triangle ABG be on the surface of a sphere, its 
sides being ares of great circles, and let :the angle A be a right 
angi e. (Figure r). I assert that tlı'e ratio of the sine of AB to the 
sine of BG is equal to the ratio of the sine of the angle G to the 
sine of the angle A. 

I ts proof is as follows: Let us complete GB and GA to guar­
ters of circles. These are GBH and GAT. W e draw the are HT, 
which is of the magnitude of the angle G, and wejoin the points 
H , T, A, and G toZ, the center of the sphere, through the straight 
line segments HZ, TZ, AZ, and GZ. We then draw the sines 
HL, BD, and BE, and we likewise draw ED by joining E to D . 

Now, because AZ is the line ofintersection of the planes of the 
circles GAT and AB and BD is perpendicular to AZ, BD is necessa­
rily perpendicular to the plane of the circle GAT, and for the 
samereason HL is also perpendicular to~ the same plane,i. e., to the 
plane of the circle GAT. HL and BD are therefore parallel, and 
because HG isa guarter of a ciı·cle, HZG isa right angle. Like-

134b wise, the angle BEZ 1 is a right angle; and HZ and BE are in the 
ıasa same plane, for they are in the plane of the circle GBH. There­

fore, HZ and BE are paraUel, and the plan e of the triangle DBE 
is paraHel to the plane of the triangle LHZ. And these triangles 
are intersected by the plane of the circle GAT. For the points D, 
E, L, and Z are on the plane of this circle. Therefore, [the line 
segments ED and ZL are parallel, and] the triangles HLZ and 
BED are similar. Consequently, the ratio of DB, which is the 
sine of AB, to BE, which is the sine of BG, is equal to the ratio 
of HL, which is the sine of the angle G, to HZ, which is the sine 
of the angi e A. (Figure ı). 
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Let now the angle A too not be a right angle. (Figures 2, 3). 
W e 'state that the ratio of the sine of AB to the sine of BG is 
equal to the ratio of the sine of the angle G to the sine of the 
angle A. 

Its proof is as follows: We draw the are of great circle BD 
perpendicular to AG. :t\ow, as the ratio of the sine of AB to the 
sine of BD is equal to the ratio of the sine of the angle D to the 
sine of the angle A and the ratio of the sine of BD to the sine of BG 
is equal to the ratio of the sine of the anglc G to the sine of the 
angle D, their produets being likewise cqual, one obtains the 
result that the ratio of the sine of AB to the sine of BG is equal to 
the ratio of the sine of the angle G to the sine of the angle A. 
(Figures 2 and 3) . 

Q.E. D. 
Let next the triangle ABG be given. (Figure 4). I assert that 

the ratio of AB to AG is equal to the ratio of the sine of the angle 
G to the sine of the angle B. 

As to its proof, it is necessary first of all to know .that by 
the expression "the sine of such and such an angle" in a triangle 
whose sides are made up of straight-line segments we mean to 
refer to the sine of the are whieh such an angle subteı;ıds when 
this angle is located at the center of a circle. We desc}ibe then 
with the point B as center and with AB as radius the are AD 
and produce the line BG beyond the point G. Let this exten-
tion of BG meet the are AD at the point D. · 

Now, in case the angle G is a right angle, AG is the sine 
of AD whieh is of the same magnitude as the angle B taken at 
the center of this are. And, as AB is the radius of this circle, 
it is the sine of the angle G, which, iflocated at the center, would 
subtend an are of a quarter of a circle. Thus, the theorem is 
verified for the case wherein the angle G isa right angle. (Figure 
4)· 

Next we suppose G not to be a right angle. From the point 
A we drop the perpendicular AH upon the line BD. The ratio 
of AG to AH is equal to the ratio of the sine of the right angle 
H to the sine of the angle G, and this is because, under these 
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circumstances, AH is the sine of the angle G in the circle whose 
radius is AG. Moreovcr, the ratio of AH to AB is equal to the 

~::: ratio of the sine of the angi e B 1 to the sine of the angle H which is 
a right angle. For AH is the sine of the angle B in the circle the 
radius of which is AB. Consequently, by multiplying and setting 
equal both sides of these two equalities one obtains the relation 
that the ratio of AG to AB is equal to the ratio of the sine of the 
angle B to the sine of the angle G. (Figurc 4). 

Anothcr cxposition : Let the triangle AGD be given. (Fi­
gure 5). It is to be proved that the rat_io .of the side AG of the 
triangle AGD to its side AD is equal to the ratio of the sine of 
the anglc D to the sine of the angle G. 

Its proof: We produce DG and drop from A a perpendi­
cular to it. Let them meet at B. It is clear that the ratio of AG 
to AB is equal to the ratio of the sine of the angle B to the sine 
of the angle G. Likewise, the ratio of AB to AD is equal to the 
ratio of the sine of the angle D to the .sine of the angle B. By mul­
tiplying and setting equal both sides of thesc two equalities, we 
have: the ratio of AG to AD is equal to the ratio of the sine 
of the angle D to the sine of the angle G. 

Q. E. D. 

This is the copy of Abu ar-Rayl:ıan's Jetter to AbU Sa<id, 
may God, He is exalted, have mercy on thcm both. 


